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Abstract—Data on the ﬂuctuations in cosmic microwave background (CMB) radiation, whose accuracy
is expected to increase in the immediate future, allow the cosmological recombination of atomic hydrogen
and its interaction with the CMB radiation to be studied. Nonresonant eﬀects play an important role in
these recombination processes. We consider the quantum-mechanical foundations of the nonresonant
processes and present our calculations for the diﬀerential two-photon decay rates of the 3s and 3d levels in
the hydrogen atom.
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1. INTRODUCTION
Signiﬁcant progress in the technology of cosmic
microwave background (CMB) detectors has allowed
radio-astronomers to turn to high-accuracy observa-
tions of the CMB angular ﬂuctuations. These obser-
vations performed with ground-based instruments,
during balloon ﬂights, and from the WMAP satellite
have provided unique data on the parameters of our
Universe and conﬁrmed the main predictions of the
hot Universe theory. Such observations have now
become the most important source of information
about the key parameters of the Universe: the Hubble
constant and the densities of normal baryonic matter,
dark matter, and dark energy (Spergel et al. 2006).
At present, the Planck Surveyor satellite is being
prepared for launch and such ground-based instru-
ments as the South Pole Telescope and the Atacama
Cosmology Telescope have been put into operation.
They should increase signiﬁcantly the accuracy of
measuring the CMB ﬂuctuations that arise during
the recombination of hydrogen in the Universe. The
accuracy of these measurements will be so high that
it will exceed the accuracy of the recombination cal-
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culations included in the widely known RECFAST
computer program (Seager et al. 1999, 2000).
In recent years, leading theoretical cosmologists
have highlighted the necessity of improving the
accuracy of calculating the hydrogen recombination
in the Universe in order to be able to calculate
theoretically the CMB power spectrum with an
uncertainty of the order of 0.1–1% (Seljak et al.
2003). Such an improvement in the accuracy of
theoretical models requires including a consider-
able number of additional atomic processes that
were previously just ignored under astrophysical
conditions. Such works on improving the accu-
racy of theoretical models have been underway for
several years and various atomic processes were
taken into account and studied by Dubrovich and
Grachev (2005), Chluba and Sunyaev (2006, 2007),
Novosyadlyj (2006), Rubin˜o-Martı´n et al. (2006),
Kholupenko and Ivanchik (2006), and Wong and
Scott (2007).
The multi-photon transitions from upper levels of
the hydrogen atom are among the most promising
candidates among the atomic processes that are
capable of aﬀecting the recombination. The ne-
cessity of allowing for the two-photon processes
in this problem was stressed by Dubrovich and
Grachev (2005). Subsequently it was studied by
Wong and Scott (2007). This problem was also in-
tensively investigated by Chluba and Sunyaev (2007),
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who stimulated the appearance of this paper by their
numerous questions. The conclusion of the above-
mentioned works is that the process of two-photon
cascade transitions under consideration can lead to
corrections of a few tenths of a percent.
A need to take into account the ﬁnite radiative
width of certain atomic levels and, at the same time,
to allow for the details of the spectrum, including the
line shape eﬀects, arises in a large number of problems
from various ﬁelds of physics.
The goal of this paper is, in particular, a detailed
quantum-mechanical analysis of the problem and an
investigation of the line wings, which, as Chluba and
Sunyaev (2007) showed, play a signiﬁcant role in the
formation of deviations from the standard picture of
recombination.
2. THE GREEN FUNCTION
AS A SUM OVER STATES
In our treatment of the two-photon decay, we use
formulas of the perturbation theory and, in particular,




as a sum over states. Its traditional representation as





E − Eλ , (2)
where the eigenfunctions |λ〉 and eigenvalues Eλ are
the solutions of an unperturbed problem described
by the Schro¨dinger equation with Hamiltonian H0.
The energy E in two-photon processes turns out to
be the sum (or diﬀerence) of the energy of the initial
state and the energy of the absorbed (emitted) photon.
Sum (2) is taken over all states λ of the discrete and
continuous spectrum; the states in the discrete part of
the spectrum are assumed to be stable.
Since the eigenstates of any Hermitian operator,
in particular, a Hamiltonian, correspond to real eigen-
values of the operator, the energy Eλ cannot have an
imaginary part that corresponds to a ﬁnite state life-
time. To take into account the ﬁnite widths, it seems
natural to modify this representation for the Green
function by substituting the actual energies, which
for the discrete spectrum include non-zero imaginary
parts, instead of the unperturbed eigenvalues. The





E − (Eλ − iγλ/2
) , (3)
where so far we make no distinction between the
perturbed and unperturbed quantities for the wave
function |λ〉 and the real part of the energy Eλ .
In a number of problems for the hydrogen atom,
the discrete part of the spectrum may be considered
as a system of narrow levels, suggesting that |Eλ −
Eλ′ |  γλ, γλ′ , where λ and λ′ are the neighboring
levels that can interfere in the sum over intermediate
states in the process under study.
Equation (3) may be considered as a successful in-
terpolation of the exact Green function, since it repro-
duces all of the important asymptotics. If the energy
E is far from the bound-level energy Eλ (i.e., |E −
Eλ|  γλ), then we may neglect all widths and return
to Eq. (2). If, alternatively, the energy is close to a par-
ticular resonance λ (i.e., |E −Eλ| ≤ γλ), then Eq. (3)
represents the Lorentz proﬁle that phenomenologi-
cally describes a quasi-stationary state. This is ob-




E − (Eλ − iγλ/2
) . (4)
Nevertheless, Eq. (3) cannot be considered as a
proper representation ab initio. Equation (2) emerged
under the assumption that all bound atomic states
were stable and we can describe them by a Hermitian
Hamiltonian whose eigenfunctions form a complete
basis. At the same time, Eq. (4) expresses the well-
known property of the Green function as a function
of the energy that it has poles at arguments equal to
the bound-state energies. The poles on the real axis
correspond to stable states, while the state quasi-
stationarity means that the pole is close to the axis,
with the distance from it being much smaller than the
distance to the nearest pole, i.e., the level width should
be much smaller than the diﬀerence between the level
energies.
If Eq. (3) is considered as an asymptotic expres-
sion, then the question of whether the application of
such an interpolation is, in a sense, more useful than
the direct use of the corresponding asymptotics re-
mains unclear. In particular, it is unclear: (i) whether
1We use the relativistic system of units in which  = c = 1,
e2 = α is the ﬁne-structure constant, and m is the electron
mass. In these units, the circular frequencies of photons (ω)
are equal to their energies. Below, we consider the hydrogen
atom as an example for our numerical estimations. However,
in discussing the various types of corrections, we explicitly
write out the nuclear charge Z, which is equal to unity in
hydrogen, and introduce the nuclear mass M .
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the interpolation can lead to meaningful corrections
in regions far from and close to the resonance; and (ii)
whether it can be applied in an intermediate region.
Yet another question is related to the calculation
of certain integral characteristics, such as the per-
turbed values of the radiative widths, for which the
integration is performed over all possible energies of
the emitted photons.
Being phenomenological in nature, the represen-
tation (4) is rather universal in character and is widely
used in various problems. At the same time, the anal-
ysis of the applicability conditions and boundaries for
this representation is based on the accuracy of the
fundamental theory and is more special in character.
For the hydrogen atom, the exact theory is based on
quantum electrodynamics, as was ﬁrst suggested by
Low (1952) in his classical paper.
Below, we consider several problems in which the
nonresonant corrections are important using the one-
and two-photon decays of the 3s and 3d states in a
hydrogen-like atom as an example (cf. Chluba and
Sunyaev 2007)
3. THE ONE-PHOTON AND TWO-PHOTON
DECAYS OF AN ATOMIC LEVEL
The diﬀerential decay rate for the 3l state with
l = 0 (3s) or l = 2 (3d) can be represented as








|bik(3l → 1s)|2, (5)
where
bik(3l → 1s) (6)
= 〈1s|eri
[
G(E3 − ω) + G(E3 − ω′)
]
erk|3l〉
is the double emission tensor, En = −(Zα)2m/(2n2),
G(E) is the electron Green function, ω and ω′ are
the energies of the emitted photons that satisfy the
condition
ω + ω′ = E3 − E1 ≡ ω31. (7)
To ﬁnd the total decay rate for the 3l state (i.e., its







dW (3l → 1s)
dω
dω. (8)
If this integration is performed with G(E) =





where we introduced the following notation for the













1− 9/n2 + 8y +
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= 326.731 · · · × Z6 s−1,
Cd = Cs/5, ρ = Zαmr and 〈n′l′||r||nl〉 is the re-
duced dipole matrix element (see, e.g., Landau and
Lifshitz 1989). The behavior of the integrands in (9)
is shown in Fig. 1.
Obviously, the integrals obtained diverge for both
l = 0 and 2. Physically, this divergence reﬂects the
fact that the decay rate in Eq. (9) should be of the
order of α2(Zα)6m, while we know that, in fact, it is
Γ(3l) = O(α(Zα)4m), being essentially the result of
the one-photon 3l → 2p decay.
Meanwhile, the mentioned one-photon contribu-
tion is included in the two-photon width (8). In fact,
the one-photon decay is part of the two-photon decay
realized as a “cascade” where we consider a three-
step process: the creation of the “real” 2p state (i.e.,
the 3l → 2p decay), its existence during some char-
acteristic lifetime (“propagation”), and then its de-
cay (2p → 1s). The cascade picture suggests that all
three described stages are independent and, hence,
the lifetime of the 3l state is determined by the ﬁrst
process, while the two remaining stages describe the
fate of the decay products and their possible correla-
tions.
Since the intermediate 2p state is included in the
sum over states (10), the two-photon amplitude con-
tains the dominant decay mode and, thus, the ex-




















Fig. 1. Spectral proﬁle of the normalized diﬀerential decay rate Φ(y) for the (a) 3s and (b) 3d states; y = ω/ω31 is the relative
photon energy. The resonant contour corresponding to the cascade decay is indicated by dashes.
pression for the two-photon decay should reproduce
correctly the 3l decay width. However, Eq. (9) cannot
do this properly, because it describes incorrectly the
propagation of the 2p state by assuming it to be
stable.
Technically, the incorrectness of describing the
instability of the 2p state shows up as a divergence
of the term with λ = 2p in sum (2) for G(E). This
contribution has poles in the integration variable y at
points y0 = (E3 − E2)/ω31 = 5/32 and y′0 = 1− y0.
If we introduce the 2p level width, then the result
of the integration over frequency will become ﬁnite
and we will obtain the correct (in the leading order
α(Zα)4m) result for the width.
Let us now discuss some applications of Eqs. (5)
and (6) using various modiﬁcations of the representa-
tion of the Green function.
4. CORRECTIONS TO THE TOTAL DECAY
WIDTH
If we seek for the decay width, for example, of
the 3s state, then the leading contribution, which is
of order α(Zα)4m, is determined by the one-photon
3s → 2p E1 transition. Given the importance of the
contribution with λ = 2p, it is useful to separate it out






























The ﬁrst term corresponds to the “cascade” chan-
nel, the third term corresponds to the “regular two-
photon” channel, and the second term corresponds to
their interference. The 2p level width should be intro-
duced only in the cascade term, while the other two
are regular at γ2p = 0. To be more precise, it should
be said that the interference term in the expression
for the diﬀerential decay rate dW/dω becomes inﬁnite
at the resonance energy for γ2p = 0 and, hence, a
ﬁnite 2p level width is needed to make dW/dω ﬁ-
nite. However, the corresponding contribution to the
total width Γ3l→1s is ﬁnite and we may set γ2p = 0
in the integrated result (calculating the interference
term near resonance is analogous to calculating a
principal-value integral).
We can easily ﬁnd a number of corrections to the
nonrelativistic expression for the width. For instance,
performing a relativistic calculation, we can obtain
contributions of order α(Zα)6m (see, e.g., Sokolov
and Yakovlev 1982). The recoil eﬀects that give con-
tributions of order α(Zα)4(m/M)m can be also taken
into account (see, e.g., Fried and Martin 1963). How-
ever, all these corrections modify only the cascade
contribution or, which is physically equivalent, the
contribution to the one-photon decay of the 3s and
3d states, without aﬀecting any two-photon eﬀects.
The higher-order corrections are related to the
two-photon contributions. For instance, using
Eq. (11), we can ﬁnd two-photon nonresonant cor-
rections of order α2(Zα)6m, which arise from the
non-cascade terms. In particular, the contribution
of the “regular two-photon channel” has been cal-
culated in various contexts previously. However, not
these corrections, but the quantum-electrodynamic
(QED) corrections to the resonance term (related
to the corrections to both the energy and the dipole
matrix element) are the most important in this or-
der. The latter are of order α2(Zα)6m ln(1/(Zα))
(Karshenboim, 1994, 1995; Ivanov and Karshenboim
1996) and generally have larger numerical coeﬃcients
than any two-photon eﬀects. The fact that the ra-
diative corrections to the one-photon width and the
two-photons eﬀects are formally of the same order in
α and Zα is not accidental. The corrections to the
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level width in question are expressed in terms of the
imaginary part of the electron two-loop self-energy in
a Coulomb ﬁeld, which includes both the two-photon
width and the radiative QED corrections to the one-
photon width. A correct value of the correction of
order α2(Zα)6m should be found using a complete
theory (cf. Low 1952) and on no account can be
obtained from an eﬀective equations of type (3).
5. ASYMMETRY OF THE LINE PROFILE
Another important eﬀect for which the corrections
to the Lorentz line proﬁle are important is the line
asymmetry, which deforms the line and shifts its cen-
ter (see, e.g., Fig. 1, which shows both the realistic
spectrum and the resonant curves). Brieﬂy, it can
be said that the asymmetry of the line proﬁle arises
from the term of the expansion of the complete Green
function near resonance following the leading one:

















where ω is the resonance energy of the 3l → 1s decay.
The coeﬃcient B1 is responsible for the line asymme-
try and its value is determined by the total sum over
states.
As applied to the Lyα line, this equation can be
interpreted as follows: no resonance lines exist in-
dependently and any line is actually part of a par-
ticular cascade. Near resonance, the principal term
corresponds to the Lorentz proﬁle and its intensity is
determined by the coeﬃcient A, which is expressed
in terms of the product of the population rate of the
upper level of the transition (i.e., in our case, the
3l → 2p decay rate) and its decay rate (in our case,
the 2p → 1s decay rate).2 Clearly, the former rate
depends on the cascade and is signiﬁcantly diﬀerent
for 3s and 3d. In contrast, the location and width
of the Lorentz proﬁle are universal in character and
only its perturbation (i.e., the coeﬃcients B1,2) de-
pends on the cascade, which can be easily seen from
Fig. 2. Usually, these corrections are referred to as the
“process-dependent” corrections to the line shape.
We can consider expansion (12) by assuming that
γ  |ω − ω0|  ω0 and that the diﬀerential decay
rate in this region is a smooth function of ω. Because
of this smoothness, we can determine the coeﬃcients
using representation (2) for the Green function and
2In a realistic case, we should consider the entire cascade,
while the two-photon transition studied here is most likely





Fig. 2. Comparison of the proﬁles for the two-photon
decay of the 3s (dashes) and 3d (solid line) states. The
proﬁles were normalized to equal line intensities. The
Lorentz proﬁle is indicated by dots.
neglecting the widths of all levels (see the next sec-
tion).
Thus, the overall picture corresponds to represen-
tation (3), where only the widths of the states that
can be real in a given process at certain photon fre-
quencies are assumed to be nonzero3 (only 2p in the
case under consideration). This approach was used,
for example, by Labzowsky et al. (2001).
The far wings of the line proﬁle, which are impor-
tant for calculating the coeﬃcients B1 and B2, are
discussed below for the two-photon decay of the 3s
and 3d states in the corresponding section.
6. RELATIVISTIC EFFECTS
AND LINE SHAPE
The high-order QED eﬀects lead to various small
corrections to the parameters of Eq. (12), which are
generally of little interest. The corrections to the po-
sition of the pole ω0, which can be important in many
problems, constitute an exception. They lead to a shift
of the proﬁle as a whole without changing its shape
and, in particular, the asymmetry parameter.
3At this level of accuracy, for which the high-order QED
eﬀects are disregarded, it does not matter whether the widths
of the states with energies above the initial one are considered
to be ﬁnite.
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It should be remembered that there are several
degeneracies of levels with diﬀerent quantum num-
bers in a Schro¨dinger hydrogen atom. The relativistic
corrections lead to diﬀerent shifts for diﬀerent quan-
tum numbers and, hence, remove some of the degen-
eracies. In particular, the Lyα line has a ﬁne struc-
ture. There are also other, subtler eﬀects, but the ﬁne
structure corresponds to the largest sublevel splitting
∆ωFS in a nonrelativistic atom, with the distance
between the ﬁne-structure components being larger
than the line width by two orders of magnitude.
The line shape (12) is valid both in the nonrel-
ativistic approximation and in the relativistic treat-
ment, but its parameters have diﬀerent meanings. In
this paper, we give explicit nonrelativistic expressions
for hydrogen, which are applicable in two cases. First,
they can be applied to integral characteristics, such
as the total width, irrespective of whether the lines
are resolvable. Second, the diﬀerential characteris-
tics are described nonrelativistically only in the case
where the detuning from resonance ∆ω exceeds sig-
niﬁcantly the splitting and the result is averaged over
spin variables. In this case, the relativistic corrections
to the diﬀerential rates are of order (∆ωFS/∆ω)2.
In particular, when the Doppler broadening is
large enough, the quantities that describe real pro-
cesses are “smeared” over a wide interval exceeding
∆ωFS, the ﬁne-structure components are unresolv-
able, and their contributions are summed or averaged
over spins. In this case, the nonrelativistic description
is, of course, applicable.
7. FAR WINGS OF THE LINE PROFILE
Yet another important problem, particularly for as-
trophysical applications, is the description of photons
far from resonance, in particular, in the region where
the deviation of the photon energy from resonance
(detuning), ∆ω = |ω − ω0|, is much larger than the
corresponding width γ. However, it is clear that in
this region either the diﬀerential eﬀects (at speciﬁc ω)
or some integral characteristics at which the integral
over ω is taken over a region far from resonance are of
interest to us.
Studying the far wings suggests that the res-
onance width γ2p may be neglected and the two-
photon eﬀects were studied in this approximation in
various contexts (see, e.g., Zon et al. 1968; Quatrop-
pani et al. 1982).
Under conditions of cosmological recombination,
the inhomogeneous (Doppler) broadening of the Lyα
emission and absorption lines is many (approximately
a hundred) times larger than the natural line width
and the region in the wings of interest, as was shown
by Chluba and Sunyaev (2007), extends to 105γ2p.
Of course, in this case, in particular, all widths in
the expression for the diﬀerential decay rate may be
neglected. The Doppler broadening then turns out
to be of the order of the ﬁne structure and a more
complex picture with relativistic corrections should be
considered for detunings of the order of this broad-
ening. As the detuning increases, the nonrelativistic
formulas become more accurate and, in particular, at
detunings of the order of a thousand γ2p, the non-
relativistic description of the diﬀerential decay rates
works with an accuracy of about a percent.
Thus, for example, setting the detuning ∆ω =
∆× (E2 −E1) and neglecting γ2p, we obtain the fol-
lowing approximation (cf. Chluba and Sunyaev 2007)











(y − y0)2 −
0.001601
y − y0









(y − y0)2 +
0.01887
y − y0
+ 0.02613 + 0.1060 · (y − y0) + . . .
)
.
As we see from Fig. 3, approximations (13) and (14)
work well up to a detuning of 105γ2p. In terms of
the representation (12), this corresponds to B1(3s) =
−15.25/ω31, B2(3s) = −90.05/ω231, B1(3d) =
3.510/ω31, B2(3d) = −2.598/ω231. The parameters
should be understood as averaged over the ﬁne-
structure components of the intermediate states.
The total number of photons detuned from the Ly-
man resonance by more than ∆ω can be determined
by the integration over the region ω0 + ∆× (E2 −





+ 0.001601 ln ∆ (15)







− 0.01887 ln ∆
− 0.00951 − 0.02205 ·∆− 0.03774 ·∆2 + . . .
)
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Fig. 3. Relative residual of approximations (13) (a) and (14) (b) for the spectral function Φ(y) in the wide wing of resonances.
The result is the same for both peaks in Fig. 1 and, hence, z = (ω − ω0)/γ2p or z = (ω′0 − ω)/γ2p.




Γ3l→2p · Γ2p→1s. (16)
When the frequency detuning is comparable to the
line width γ2p ∼ ∆ω, the value of (17) becomes com-
parable in order of magnitude to the one-photon width
Γ3l. Of course, it cannot give the correct value for this
width, since (16) is incorrect for γ2p ∼ ∆ω.
8. THE TWO-PHOTON DECAY AND
CASCADE
Above, we deliberately used the quotation marks
in the words “cascade,” “real” intermediate state, etc.
The point is that when we have in mind the eﬀects re-
sponsible for the one-photon decay, we should oper-
ate not with the total contribution of the λ = 2p state,
but only with its component for which the detuning
frequency does not exceed several γ. In this case,
the existence time of the intermediate state (i.e., the
characteristic diﬀerence between the emission times
of the ﬁrst and second photons) is of the order of
the lifetime (τ = 1/γ) and we actually can talk about
the real 2p state. This is true for the overwhelming
majority of two-photon events or, in other words, for
the overwhelming majority of “cascade” events with
the 2p state as an intermediate one.
In contrast, when we are concerned with the far
wing of the Lorentz proﬁle and consider the case
where the detuning is large (∆ω  γ), the situa-
tion becomes qualitatively diﬀerent. The characteris-
tic time between the photon emissions turns out to be
∼1/∆ω and, hence, the 2p state should more likely be
understood as a virtual one.
From a physical viewpoint, there is no qualitative
diﬀerence between rare events in the wings of the
“cascade” contribution and the “regular two-photon”
decay with an intermediate state other than 2p. There
is no sharp boundary between the events with the real
intermediate 2p state (i.e., the real “cascade”) and
the wing events either. How we should understand
the words “several γ” is a purely practical question.
To answer it and to distinguish the two situations
described above, we should take into account both the
necessary accuracy of the description and the various
perturbations of the naive picture.
For instance, if T is a certain characteristic atomic
collision time, then collisions can strongly aﬀect all of
the slow two-photon events with a characteristic time
tsep ≥ T . Collisions can prevent the emission of the
second photon, destroy the coherence between the
photons, etc. At the same time, all of the fast events
with tsep ≤ T will remain coherent and unperturbed.
In particular, two coherent photons will be produced
in the wings of the 2p resonance for ∆ωT > 1.
The natural level width is often about 10−6–10−8
of the transition frequency. In such cases, the situa-
tion where the detuning frequency is much larger than
the width (e.g., 105γ), but still much smaller than the
characteristic frequency can be realized. This allows
all γ in the theoretical expressions to be neglected.
It should be remembered that the natural lifetimes
of all hydrogen levels (except the metastable 2s
level) are parametrically of the same order, namely,
α(Zα)4m, althoughnumerically they can diﬀer greatly.
The upper levels generally live longer. This means
that, in general, the two-photon decay includes at
least three levels with diﬀerent lifetimes: the initial
(upper), intermediate (virtual or real) and ﬁnal (lower)
ones. If the lower level is neither 1s nor 2s, then its
width is generally larger than the widths of the upper
and intermediate levels. If, alternatively, it is 1s or
2s, then it is the intermediate level that is widest and
we should consider it as an unstable one and, at the
same time, may neglect the width of the upper state.
The accuracy with which this approximation holds is
determined by the smallness of the ratio of the widths.



































































Fig. 4. Relative correction to the spectral proﬁle in the wide wing of the Balmer resonances 3s→ 2p (a) and 3d→ 2p (b) when
the line width of the initial state is taken into account using (17). z = (ω − ω0)/γ2p.
For example, for the 3s and 3d decays, this ratio is
γ3s/γ2p 
 0.01 and γ3d/γ2p 
 0.1, respectively.
If this accuracy is not enough, then we should
consider the phenomenon as a whole and study a
cascade with a larger number of levels starting from
and ending with states that may be considered stable.
As a rough approximation that includes the eﬀects
of a ﬁnite lifetime of the initial state, we suggest con-
sidering the energy Einit of the 3s or 3d state, which
is real, but is slightly shifted relative to E3. The Einit





(Einit − E3)2 + (γ3l/4)2
. (17)
Such a treatment will not change the Lorentz proﬁles
for the frequencies of both photons, but the sum of the
frequencies will no longer be exactly equal to ω31, but
will be only distributed about it. The wings and the
nonresonant region near the Balmer peak 3l → 2s are
slightly modiﬁed (see Fig. 4), while the Lyman peak
2p → 1s in this approximation does not change.
9. CONCLUSIONS
We made sure that the representation (3) for the
Green function could be of use in some problems. The
line asymmetry can be successfully studied using it,
but it does not allow the exact total width to be found.
In astrophysical applications, the bulk of the resonant
proﬁle can be successfully described by a standard
Lorentz proﬁle, while Eq. (2) is applicable far from the
resonance. As a result, we conclude that the repre-
sentation (3) for the Green function can be used, but
it should be applied with caution. As an illustration of
its application to two-photon transitions moderately
close to the resonance, we presented above our results
for the diﬀerential rates of the two-photon 3s → 1s
and 3d → 1s decays in the hydrogen atom, which are
of particular importance for astrophysics.
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